We revisit the singular eigensolution to the steady state one-speed transport equation for an isotropically scattering and multiplying heterogeneous slab. It is proved that this solution is a sum of Stieltjes integrals over the resolvent set of only the operator of multiplication by the angular variable.
Introduction
Consider the one-speed, variable coefficient and source-free stationary neutron transport equation [2] , with isotropic scattering and multiplication in plane geometry is the yield (neutron per neutron), in which v is the average number of neutrons per fission; the reader is referred to (for example) [2, 7] for other details. Equation (1.6) was solved exactly in 1960 by the singular eigenfunction technique introduced by Case [4] . Other analytical methods for solving this equation include the application of Lie series [11] , summation operators [3] , and double Legendre transforms [7] . In the present work, we intend to revisit only the singular eigenfunction method, in which the solution is sought in the form -hf.
(1.7)
Substitution then of this ansatz in (1.6) leads to and f{n) satisfies the eigenvalue equation
The explicit form of f(ji) and its properties have been studied by several authors [4, 8, 12] . To date, this essentially analytical technique has extensively been developed to treat a wide variety of neutron transport problems [10, 14] , and it has been extended even to analyse anisotropic scattering of multigroup neutron transport [6] in multilayer slabs. In particular, we aim to [3] Eigensolutions of transport equation 225 further explore the basic nature of the eigensolutions of (1.1) by application of the theory of Stieltjes integrals [13] .
Analysis
Let us rewrite (1.10) as
in which it is apparent that K is an eigenvalue of the nonselfadjoint singular integral operator:
whose spectrum must, according to the Weyl-von Neumann theorem [16] , contain a continuous part. Such spectra may satisfactorily be analysed either variationally [9] or via the technique of singular integral equations [4] . Here we shall follow a rather indirect route, which enables us to utilise the theory of selfadjoint operators to investigate the K-eigenvalue spectrum (denoted as K) of 7, with the aim of trying to add another dimension to these methods. ( 2 "
and differentiate it throughout twice with respect to n to obtain the equivalent Cauchy-type homogeneous differential eigenvalue equation
The general solution of this equation is of the form For K --b/n, however, the dispersion function becomes irrelevant, and \K\ can take any value over the interval (b, oo), depending on the value of fi. The range \K\ > b represents the continuum of the K-spectrum and it embodies also two other pseudodiscrete [16] eigenvalues ±/c, , which lie in the vicinity of the singular K = ±b points.
Weighted integration with respect to H
Expansion of the solution of (2.1) in Legendre or other orthogonal polynomials has frequently been employed to examine the associated eigenvalue spectrum. It is useful to note that this approach is equivalent to a weighted integration over fi, for example, application of with u = Mf, cannot be reduced for 7 of (2.2) to any of the forms stated in Proposition 1, the spectrum of the ^/-eigenvalues is not expected to elucidate much about the K-spectrum. This follows also from the simple fact that thê -eigenvalue spectrum is purely discrete, whereas the K-spectrum is a mixed discrete-continuous one.
Integration with respect to a
Consider first the normalisation condition of (2.10) in (1.10) to reduce it to the equivalent Fredholm problem
where use has been made of the substitutions
Here the operator £ -n is selfadjoint in the Hilbert L 2 space and the solution of (2.13) is given [5] by
with R x being the resolvent of C . The eigenvalue spectrum of this operator is defined by £v = nv = av (2.18) where v=v a (n) = v(fi,a). (2.19) As (2.18) cannot be satisfied by any normal type of eigenfunctions (since we would have to assume v to be zero for all values of n except n = a), we shall seek its solution as a generalised function. Since X and Y are independent of a, integration of (2.15) over a (i.e. H = f° da) does not affect this equation. The situation is entirely different, however, as far as (2.18) then it is essentially a projection operator [1] or "expansion unit" [13] and the integral to the right of (2.26) is a Stieltjes integral. Note however that (2.26) is nothing but a special case of the basic general formula, derived from the Riesz representation theorem [ 1, 13] , for the whole theory of selfadjoint operators:
It is possible to utilise further the theorem on the resolvent of selfadjoint operators [1, 13] This relation illustrates clearly how the angular flux, which is proportional to c/2, could be related, on one hand, to discrete values of the resolvent set (of the operator £ -ft) only for directions n different from A. For fi = k, on the other hand, y/(x, ft) is determined by the continuum part of the resolvent X set, and a part of the sum in (2.31) should accordingly be replaced by an integral.
In conclusion, regardless of the rather new formulation for the eigensolutions of (1.1) that Theorem 1 provides, no new results about the associated eigenvalue spectrum appear to emerge from it. This theorem proposes nevertheless an additional inlet for further research on this subject.
